Abstract: We study local quenches in 1+1 dimensional conformal field theories at large-c by operators carrying higher spin charge. Viewing such states as solutions in Chern-Simons theory, representing infalling massive particles with spin-three charge in the BTZ background, we use the Wilson line prescription to compute the singleinterval entanglement entropy (EE) and scrambling time following the quench. We find that the change in EE is finite (and real) only if the spin-three charge q is bounded by the energy of the perturbation E, as |q|/c < E 2 /c 2 . We show that the Wilson line/EE correlator deep in the quenched regime and its expansion for small quench widths overlaps with the Regge limit for chaos of the out-of-timeordered correlator. We further find that the scrambling time for the two-sided mutual information between two intervals in the thermofield double state increases with increasing spin-three charge, diverging when the bound is saturated. For larger values of the charge, the scrambling time is shorter than for pure gravity and controlled by the spin-three Lyapunov exponent 4π/β. In a CFT with higher spin chemical potential, dual to a higher spin black hole, we find that the chemical potential must be bounded to ensure that the mutual information is a concave function of time and entanglement speed is less than the speed of light. In this case, a quench with zero higher spin charge yields the same Lyapunov exponent as pure Einstein gravity.
Introduction
The incorporation of ideas from quantum chaos is an exciting development in the study of real time dynamics of quantum field theories (QFTs) and its implications for gravitational systems which are holographically dual to them [1] [2] [3] [4] [5] [6] [7] . In particular, the bound proposed in [1, 2] identifies black holes in Einstein gravity as possessing the fastest possible scrambling time which controls the onset of chaotic exponential decay of correlators in large-N quantum field theories with gravity duals. This proposal, which is fascinating in its own right, also has implications for theories of gravity which are potentially dual to conformal field theories (CFTs) at large-N or large central charge c.
This work was motivated in part by the observations of [8] wherein restrictions on theories of gravity containing higher spin fields were deduced by analysing the temporal behaviour of out-of-time-ordered (OTO) correlators. In particular, it was argued that for CFTs with only a finite number of higher spin currents, OTO correlators can exhibit unbounded growth in time and violation of the proposed lower bound [1, 2] on scrambling times. The conclusions were drawn by computing correlators of two heavy (H) and two light (L) operators using the semiclassical W N conformal blocks at large c [9] [10] [11] [12] .
In this paper we focus attention on the temporal behaviour of entanglement entropies in CFT 2 following a local quench [13] [14] [15] [16] [17] [18] by a CFT primary O carrying higher spin charge. In the local quench the equilibrium density matrix ρ β = e −βH of the CFT at some temperature β −1 is perturbed locally at time t = 0 : 1) and the state then evolved in time. The parameter controls the width of the excitation produced by the perturbation. Our approach is to adapt the holographic AdS 3 calculation in Einstein gravity of [19, 20] to higher spin theory; specifically, the SL(3, R) × SL(3, R) Chern-Simons theory which extends Einstein gravity to include a spin three field. The local quench of the CFT in a thermal state is described in Einstein gravity by the backreacted geometry due to a particle (conical deficit) freely falling into the BTZ black hole. This geometry can be obtained by a coordinate transformation and boost [14, 19] on a static conical deficit state in global AdS 3 . The bulk diffeomorphism acts as a conformal transformation on the boundary. In the higher spin theory, formulated as Chern-Simons theory, there is no gauge-invariant notion of geometry. Boundary CFT entanglement entropies are computed by ChernSimons Wilson lines [21, 22] anchored to the endpoints of intervals on the conformal boundary of AdS 3 . We compute such Wilson lines in a static, spin-three charged, conical deficit state, characterised by a flat Chern-Simons connection, and act on the result by the same boundary conformal transformation which maps the uncharged deficits to infalling massive particles in the BTZ background. This is then interpreted as a finite width local quench by an operator carrying spin-three charge, with the CFT originally in the zero charge thermal ensemble 1 . The generalisation of this approach to local quenches in a grand canonical ensemble for higher spin charge is not straightforward. We can, however, use existing CFT results for finite spin-three chemical potential [23] and properties of HHLL correlators to infer what happens in the grand canonical ensemble when the perturbing operator O carries no higher spin charge. Our main findings are summarised below:
• The quench generated by the operator O with conformal dimension ∆ O and spin-three quantum number 2 W is a pulse of width β. It carries an energy density T 00 ∼ ∆ O / 2 and spin three charge density W ∼ W/ 3 . In order to keep the total energy and charge of the pulse fixed in the small limit, we take ∆ O = E π and W = 2 4q π 2 . Furthermore, to ensure that the effect of the quench remains non-vanishing, we also need to keep E/c and q/c fixed in the large-c limit. In this double-scaled limit, the Wilson line computation of the single interval entanglement entropy following the quench then yields a finite "jump" in the entanglement entropy ∆S EE when the pulse enters the interval of interest. We find that with non-zero spin three charge, ∆S EE is not positive definite, and furthermore, remains real and finite only if the condition,
is satisfied. 1 It is expected that the Wilson line/EE computation should be equivalent to the evaluation of HHLL correlators using conformal blocks at large c [11, 12] .
2 W may be viewed as a dimensionless number appearing in the OPE of the spin three current W with O, assuming that the latter transforms as a primary under the spin three current W (x) O(y,ȳ) ∼ W (x − y) 3 O(y,ȳ) .
(1.2)
• The temporal regime wherein the excitation is deep in the interval of interest, and ∆S EE has saturated, can be accessed by a small width expansion of the Wilson line correlator in the double-scaled limit explained above. We find that this expansion when expressed in terms of the conformal cross-ratio z, coincides with the expansion of the OTO correlator in the Regge limit for chaos in [8] . Although it is no surprise that the Wilson line coincides with the HHLL correlator in the large c semiclassical limit, it is interesting that the two physically distinct phenomena originate from the same expansion of the correlator when expressed in terms of the appropriate conformal cross-ratio z. Put differently, while ∆S EE and the late time OTO correlator have different time dependence, both are determined by the small z expansion of a particular branch of the same analytic function of z.
• We use the Wilson line correlator to calculate the scrambling time following the approach of [20] . Specifically, this involves taking the CFT in the thermofield double state and calculating the mutual information of two intervals, one on each copy of the CFT, in the presence of the local quench perturbation introduced on one copy. Again, we use the SL(3, R) Wilson line for the charged conical deficit to calculate the mutual information in the thermofield double state. This is achieved by identifying the correct conformal transformations which map boundary points in global AdS 3 to the two sets of boundary points in the Kruskal extension of the eternal BTZ black hole [20] . The mutual information then receives connected and disconnected bulk contributions, and the time at which it vanishes is identified as the scrambling time (3.28) which is evaluated in the double-scaled limit we have described previously. The result has the feature that for small spin three charge q, the scrambling time increases beyond its pure Einstein gravity value until it diverges precisely when |q|/c = E 2 /c 2 . Interestingly, the formula (3.28) continues to makes sense also above this bound, so that in the limit that the spin three charge dominates, the scrambling time is shorter than pure gravity and the associated Lyapunov exponent is 4π/β, in line with the arguments of [8] where a Lyapunov exponent 2π(N − 1)/β was obtained in the presence of a spin-N charge.
• A question of particular interest is how the computations above (and the arguments of [8] ) generalise to the situation where the CFT is held at a chemical potential for higher spin charge. One reason this is nontrivial from a bulk perspective is that, in the absence of an invariant geometrical picture in the Chern-Simons formulation, it is not known whether the putative backreacted shockwave solution in the higher spin black hole background [24] can be obtained by systematically transforming a conical deficit solution. We do not attempt this generalisation in this work. Instead, we focus our attention on two questions which can both be answered with currently known CFT and bulk results at finite spin three chemical potential. The first of these is to consider the thermofield double state for the spin three black hole (without any external perturbation or quench) of [24] and find the time evolution of mutual information for two intervals in the two different copies under forward time evolution of both copies [25, 26] . This can be obtained without explicit knowledge of the Kruskal extension of the spin three black hole [27] , by simply analytically continuing CFT results of [23] and by doing the same to the time coordinates of the endpoints of bulk Wilson lines to go between the two copies of the thermofield double. Using the holomorphic Wilson line [21] which agrees with CFT results [23] , we find that there is a critical value of the spin three chemical potential beyond which the mutual information ceases to be a concave function of time and simultaneously, the speed of growth of entanglement entropy of the intervals exceeds unity. Moving to the situation with a local quench, using the known results for CFT entanglement entropy at finite µ and properties of HHLL correlators where the heavy operator O carries no spin three charge, we argue that the Lyapunov exponent retains its value in Einstein gravity while the scrambling time receives some µ-dependent corrections.
The paper is organised as follows. In section 2, we review the Wilson line prescription for evaluating entanglement entropy in SL(2, R) Chern Simons theory in the presence of a local quench. We point out the connection of the quenched regime in the small width expansion, with the OTO correlator and its Regge limit for chaos. In section 3 we repeat the exercise of for the quench with spin three charge. We further find the scrambling time by computing the two-sided mutual information. We study the situation in section 4 when the local quench is generated by an ensemble of operators carrying higher spin charge. Section 5 is devoted to aspects of the CFT dynamics in the presence of higher spin chemical potential. In a fairly extensive appendix, we present detailed clarifications, derivations of various technical points in the text. We also include two sections which outline aspects of the bulk quench and scrambling calculations in Chern-Simons language.
Wilson lines, local quenches and OTO correlators
The primary objects of our interest are correlators involving heavy (H) and light (L) operators which yield the time evolution of entanglement in CFT 2 at finite temperature in the presence of a local excitation. In CFT 2 , entanglement/Rényi entropies are computed by the insertion of local twist fields. The latter are "light" in the limit that the number of replicas approaches unity.
In the limit of large central charge c, when a dual gravity description becomes appropriate, the entanglement entropy is computed by the Ryu-Takayanagi prescription [28] . In the case of AdS 3 /CFT 2 duality, gravity and its higher spin generalisations are naturally recast in the language of SL(N, R) × SL(N, R) Chern-Simons theory. The Ryu-Takayanagi prescription then generalises to a Wilson line in an appropriate representation anchored at the endpoints of the interval whose entanglement entropy is being evaluated [21, 22] .
The four-point correlators of interest are of the form
where O is the heavy operator and T represents the light operator. Such correlators are natural when one considers the time evolution of quantum entanglement after a "quench" by some (heavy) local operator O(x, t) [16, [18] [19] [20] . Following the conventions of [20] for example, we may take
2)
Here ( 1 , 2 ) represent the spatial coordinates of the entangling interval of length ≡ 2 − 1 , and > 0 denotes the "width" of the local quench [18, 19] . In addition to controlling the physical width of the pulse set up by the local perturbation, the width serves to regulate the operator product and, importantly, allows us to track changes in the temporal behaviour of the correlator when the excitation crosses the lightcone of the nearest endpoint of the interval.
In the bulk gravity dual picture (for a large-c CFT), the effect of the local quench is reproduced by a shockwave background generated by a massive particle freely falling from the AdS 3 boundary towards the interior. The excitation about the thermal state in the CFT is represented by the particle falling towards the horizon of a BTZ black hole in the bulk. The width of the excitation is related to an appropriately defined coordinate distance of the point of release of the particle from the boundary of AdS 3 [1, 19] .
The four-point correlator of the type (2.1) which yields the single interval entanglement entropy in the locally quenched quantum state is computed by a Wilson line in the asymptotically AdS 3 shockwave background . Given the pair of flat connections (A,Ā) valued in sl(N, R) ⊕ sl(N, R), the entanglement entropy of a single interval (with endpoints P and Q on the conformal boundary of AdS 3 ) is given by the Wilson line representation R joining the endpoints:
Here k cs is the level of the Chern-Simons theory which is related to the central charge of the asymptotic W N algebra: 4) and ρ P,Q are the radial coordinates of the endpoints of the interval on the boundary, to be taken to infinity at the end, so that only the leading term in this limit is identified with the entanglement entropy. The representation R is fixed by requiring the high temperature limit of the entanglement entropy to agree with the thermal entropy of the interval [21] .
We are assuming that gravity is principally embedded in the sl(N, R) ⊕ sl(N, R) algebra. Denoting the generators of the irreducible
0 , the flat ChernSimons connections may be represented in radial gauge as
Here x ± are lightcone coordinates on the boundary, which we will specify precisely below. Given the connections (A,Ā), the spacetime metric is determined as,
) Wilson line and local quench
As a warmup exercise we first rederive the evolution of EE following a local quench in pure gravity [19] , but using the Wilson line prescription for calculating holographic EE in a shockwave geometry.
Conical deficit: In [19] , the shockwave geometry in the BTZ black hole background was obtained by considering a conical deficit state in global AdS 3 and performing a coordinate transformation followed by a boost. The metric for the static conical deficit in AdS 3 is given by:
where R is the AdS radius and φ ∈ [0, 2π]. The mass, m, of the particle producing the conical deficit is fixed in terms of δ as,
The conical deficit geometry represents a CFT state corresponding to an operator of conformal dimension ∆ O = (mR). In order to make contact with the Chern-Simons formulation, we rewrite the conical deficit metric in terms of lightcone coordinates ξ ± on the boundary, and a new radial coordinate ρ:
This yields a special case of the general form of asymptotically AdS 3 solutions [30] ,
which follows from the flat sl(2, R) Chern-Simons connections as defined in the radial gauge (2.5),
The conical deficit state is obtained by setting 2πL = 2πL = k cs (δ − R 2 )/4R 2 .
In [19] , this conical deficit state was mapped to an exact solution describing a massive infalling particle in the BTZ geometry. Physical observables in the quenched state can be obtained by application of the same map. Thus we consider the entanglement entropy of a single interval with endpoints ξ ± P and ξ ± Q in the boundary CFT. The radial, holographic coordinate of the two points are ρ P and ρ Q , which will eventually be taken to infinity.
Note that for the SL(2, R) Chern-Simons theory, the Wilson line which computes holographic entanglement entropy is in the defining or fundamental representation [21] . In terms of the matrices,
the fundamental Wilson line connecting the two boundary points P and Q in the conical deficit state is,
The traces are easily evaluated and we find, where ∆ξ ± = ξ ± P − ξ ± Q . Then taking the limit ρ P,Q → ∞, we obtain the expression for the entanglement entropy of a single interval in the conical deficit state, up to an additive constant:
. This is the expected result for the single-interval covariant entanglement entropy in the conical deficit state.
Infalling particle: The backreacted geometry associated to an infalling particle of mass m in the BTZ background with temperature β −1 is obtained by a coordinate transformation and boost on the conical deficit state. When δ = 0, the map simply transforms global AdS 3 to the BTZ black hole. The explicit form (A.1) of the coordinate transformation in [19] 3 , also includes a boost parameter˜ that is directly related to the 'width' ∼ of the local quench [18, 19] . For the holographic entanglement entropy, calculated using the Wilson line prescription, we only need to know how the coordinates of the endpoints of the Wilson line on the conformal boundary transform under this map:
3 Recently, these coordinate transformations have been applied to study evolution of entanglement in holographic bilocal quenches in CFT 2 [31] .
Λ is the location of the AdS boundary which provides the UV cutoff in the CFT. The spatial coordinates of the endpoints of the Wilson loop in the shockwave background must be identified with endpoints of the entangling interval in the quenched state, x P = 1 and x Q = 2 . The parameter˜ is related to the width of the quench via
The coordinate transformations above are simply conformal transformations on the boundary acting as,
These extend into the bulk as diffeomorphisms which act as the diagonal subgroup of SL(2, R) × SL(2, R) gauge transformation on the Chern-Simons connections. The diagonal subgroup leaves the Wilson line (2.3) invariant. The transformation (2.16) is explored in more detail in appendix E.
Substituting the transformed coordinates into the expression (2.15) we obtain the time dependence of the single interval entanglement entropy in the presence of a local quench. An important point here is that the global coordinates (τ P,Q , φ P,Q ) are multivalued functions of (t, x P,Q ), and it is necessary to identify and choose the branches which are appropriate for describing early times (t < 1 ), intermediate times ( 1 < t < 2 ) and late times t > 2 , following the local quench. Figure 1 shows the behaviour of the change in the entanglement entropy as a function of time. The entanglement entropy (2.15) is best expressed in terms of the conformal cross-ratios z andz involving the locations of the two heavy O † , O and two light (T , T ) operators:
where the insertion points {x i } are defined in (2.2). The anti-holomorphic cross-ratiō z is defined in the same way using "barred" or anti-holomorphic coordinates on the thermal cylinder. In terms of these cross-ratios we then have,
zz .
In obtaining the final form of this expression, an overall factor ∼ exp(2π ( 1 + 2 )/β) has been accounted for by the covariant tensor transformation law for the twist field correlators under the exponential map from the plane to the (thermal) cylinder. Holographically, this is understood as a rescaling of the location of the UVcutoff/boundary to which the Wilson line is anchored. The SL(2, R) Wilson line computes the length of the geodesic joining the two endpoints on the boundary, in the background generated by the infalling massive particle. Within the standard AdS/CFT dictionary, this provides the four-point correlator
Here ∆ τ is the scaling dimension of the operator T . For twist fields computing the entanglement entropy of the interval P Q we need to take T = c 24 n − 1 n in the limit n → 1.
Out-of-time ordering:
The key feature of this expression which is responsible for nontrivial time dependence in the entanglement entropy when the local perturbation enters the interval P Q, is the presence of a branch point at z = 1. In particular, when the excitation enters the lightcone of one of the endpoints of the interval, the cross-ratio traverses clockwise around the branch-point so that
For β, this is shown in figure 1 . This does not affectz. In fact, as explained in [8] , this rotation of the cross-ratio z yields precisely the out-of-time ordered (OTO) configuration of the four operators. Explicitly, the cross-ratio z, as a function of (real) time t is
Therefore, for generic t, the cross-ratio z is O( ) in the limit of small . It is useful to define the quantity,
This function will appear repeatedly at various points below, when we consider the limit of small . We can now calculate the change in the Wilson line correlator or equivalently, the change in the entanglement entropy ∆S EE . We will compute this in a double scaling limit such that,
with E/πc fixed in the large-c limit. Using this scaling, we perform an expansion in powers of and find:
The height of the jump in ∆S EE is thus positive and in the limit of large interval length ( 2 → ∞), it asymptotes to the late time value,
The jump is positive definite, and its magnitude is determined by the ratio of the injected energy E to the thermal entropy density S β = πc/3β. The size of the jump displayed in figure 1 is in agreement with the value obtained above. In fact, precisely the same ratio enters in the scrambling time [1, 2] . As explained below, this is not a coincidence.
We may consider a particular limit of the expression (2.26) which brings us to the Regge limit of the OTO correlator discussed in [8] . In this context we note the following two points: (i) The rotation of the cross ratio about the branch point at z = 1 yields the out-of-time ordering of the operators in question. (ii) In addition, once within the regime 2 > t > 1 we also naturally have z 1 since z ∼ O( ). Therefore this branch of the correlator and its small expansion has an overlap with the Regge limit of large times discussed in [8] .
In the regime of intermediate times 2 > t > 1 , the cross ratio z is small, and pure negative imaginary,
In order to see the onset of chaos we require the Regge limit |z| 1, and t 2 on the second sheet. For simplicity, we also take 2 1 , but this is not really necessary. In this limit,
The continuation from Im(z) < 0 to Im(z) > 0 appears to be a simple phase rotation of z. However, this is not completely straightforward when z is viewed as a function of time. To get to the chaos regime on the second sheet we cannot simply take t to be large, since we must avoid the singularity at t = 2 . In appendix B it is shown how this can be achieved by adding an imaginary part to t so that t → t + i 1 where 1 is parametrically larger than . We may then take the limit |t| 2 , and subsequently 2 1 , whilst remaining on the second sheet, yielding
We thus identify the Lyapunov exponent λ L = 2π β which controls the late time, exponential departure of the OTO correlator from its constant value 4 . Note that this does not dictate the behaviour of the single interval entanglement entropy following the local quench. The time evolution of the physical ∆S EE for times t > ( 1 + 2 )/2 is obtained by reversing the rotation of z around the branch point at z = 1 as the excitation exits the interval and we obtain the form depicted in figure 1. What we have described above is a particular analytic continuation of the single-sided Wilson line correlator to the second sheet, which yields the chaotic behaviour of the OTO correlator in the late time limit. When˜ = β/2, we obtain the expression for the two-sided correlator in the thermofield double state, and our expressions may then be matched with the corresponding ones in [1, 8] . The scrambling time t * also follows from the analytically continued single-sided Wilson line. It is given by the time scale at which the exponentially growing term becomes of order one, characterising the decay time of the OTO correlation functions,
3 Quench with spin three charge
In SL(N, R) × SL(N, R) Chern-Simons theory with N > 2 the Wilson line which computes entanglement entropies is defined in a representation R, whose dimension rises exponentially with
For the case N = 3, the appropriate representation is the 8 dimensional or adjoint representation.
Spin-three conical deficit: In the SL(3, R) theory the conical deficit state can be endowed with spin three charge, and we can then analyse its effect on the single interval entanglement entropy and the OTO correlator. We will do this first in the canonical ensemble with fixed spin-three charge. The constant flat connections relevant for a charged, conical deficit state are:
Here W and W are the spin three charges in each sector, and W ±2 are generators of the SL(3, R) (appendix C). We will restrict ourselves to the so called non-rotating background with L =L and W = − W. As in the pure gravity case, the conical deficit states have negative energy, so that L < 0 and,
Here ∆ O is the dimension of the heavy operator which now also carries spin three charge W.
The computation of the Wilson line requires us to exponentiate the constant connections. This is best done in the diagonal basis and subsequently relating to the original basis via a similarity transformation. The eigenvalues of a ± in the defining representation are given by the roots {ν i } of the cubic equation,
The form of the cubic immediately implies that the three roots must satisfy the constraints,
The eigenvalues for the matrices in the adjoint representation are then {±λ 1 , ±λ 2 , ±λ 3 , 0, 0} where we have defined
We can then compute (see appendix D) the SL(3, R) × SL(3, R) Wilson line in the adjoint representation, and we find,
Wilson line in charged shockwave background
We expect that the effect of the local quench by the charged operator O should follow from the corresponding boosted, transformed conical deficit state discussed above.
We note that in a higher spin theory the spacetime metric is not gauge-invariant and therefore the operations on the bulk geometry do not have an obvious invariant meaning. It would be interesting to understand the generalisation to the higher spin situation (in Chern-Simons language) of the coordinate transformations that map the conical deficit in AdS 3 to the infalling shockwave geometry. Nevertheless, given that the corresponding transformations are defined as before in the boundary CFT, we use the transformations (2.16) to evaluate the higher-spin Wilson line correlator in the charged quenched state. The SL(3, R) Wilson line can be rewritten in terms of the cross ratio z as in the pure gravity theory:
The roots ν i of the cubic (3.4) are complicated functions of the mass α and the spin-three charge W. However, as we saw in the pure gravity situation, we will be interested in a double scaling limit, where the deficit angle and spin-three charge are both small in the limit of small :
We view this as a double scaling limit because in the holographic gravity description which applies in the limit c → ∞, we are also keeping ∆ O /c and q/c fixed. With this scaling, the roots of the cubic (3.4) are,
When the charged excitation generated by operator O enters the interval P Q, for intermediate times 2 > t > 1 , the cross-ratio traverses clockwise around the branch point of the Wilson line at z = 1, bringing us into the out-of-time-ordered configuration,
Following this, we expand the Wilson line in the small limit. As explained previously, z ∼ O( ). Therefore, at the leading order ∼ O( 0 ), the adjoint Wilson line is,
Substituting the expression for z as a function of real time (2.23) in the interval 2 > t > 1 we find the change in entanglement entropy of the interval P Q, following the spin-three local quench (note that c = 24k cs for the SL(3, R) × SL(3, R) theory):
The result reveals some important features. For large intervals 2 1 , the change in the entanglement entropy following the entry of the perturbation into the interval saturates to a maximal value given by,
Since q is a dimension two charge, obtained by integrating a dimension three current, all terms within the argument of the logarithm are dimensionless. Further, we are taking E/c and q/c to be fixed in the large-c, classical gravity limit. For vanishing q, eq.(3.14) matches the pure gravity value (2.27). With q = 0, the argument of the logarithm is no longer positive definite. Requiring that the result for ∆S EE be physically sensible (i.e. avoiding divergent or complex values), we obtain a restriction on the spin-three charge that the perturbing operator/state can carry:
Multiplying through by the width of the quench and taking the limit /β → 0, this yields the bound,
where it is understood that the both quantities ∆ O /c and W/c are fixed and small (O( ) and O( 2 ) respectively) in the large c limit. There is no independent reason to expect generic charged operators in a large-c CFT with W 3 symmetry to respect this requirement. If such bound is not realised, one would have to conclude that corresponding theories are unphysical. Figure 2 shows the behaviour of the change in the single interval entanglement entropy for a local quench carrying spin-three charge. The introduction of the spinthree charge has the effect of decreasing the height of ∆S EE for a given energy E, eventually driving it negative and unbounded from below at a critical value of q. As in the pure gravity case described in section 2.1, we can take the Wilson line correlator in the second sheet and make contact with the Regge limit of small z and late times, by appropriate analytic continuation. We find,
Comparing with corresponding expressions in [8] , we identify the spin-three Lyapunov exponent as λ . This phase rotation changes the sign of the coefficient of E, but not that of q 2 , and the spin-three charge is then the source of singular behaviour of the corresponding OTO correlator, causing it to diverge at some finite late time, as also argued in [8] . For generic 1 , if the spin-three charge q is dominant compared to E, we obtain a scrambling time given by 18) when the OTO correlator becomes vanishingly small.
Mutual information
The determination of scrambling time can be performed elegantly in a large-c CFT within the holographic setup by computing the mutual information of two entangled subsystems A and B [20] . Specifically, we may take the two intervals to reside in the two different copies of the CFT, prepared in the thermofield double state. A local perturbation of the thermofield double state by a primary operator created at some time in the past destroys the correlations between the two copies. This is clearly seen by calculating the mutual information between the intervals A and B. The time scale at which the mutual information, 19) vanishes was calculated and identified with the scrambling time in [20] .
In this section we will consider the infalling massive particle with spin-three charge, which starts its motion close to the left boundary of the thermofield double obtained by Kruskal extension of the BTZ black hole. As in the previous sections, the black hole itself does not carry spin-three charge and therefore it should be viewed as the standard BTZ black hole embedded in the SL(3, R) × SL(3, R) ChernSimons framework. The infalling particle background is inferred by the coordinate transformation and boost on the conical deficit state in global AdS 3 . This is done separately for the two AdS-Schwarzschild patches of the eternal BTZ geometry [20] . For the spin-three charged state, our strategy is to compute the Wilson line EE for the conical deficit state and to use coordinate transformations to map the endpoints of the interval to corresponding endpoints of the intervals on the two boundaries of the BTZ black hole.
The two intervals L and R are chosen to lie on the left and right boundaries of the extended BTZ geometry, respectively. The endpoints of the intervals are taken to be at (t L , 1,2 ) for the interval L and at (t R , 1,2 ) for the right interval R. The transformations from the conical deficit to the BTZ coordinates of the boundary on the left patch are (in the limit of small width ):
These are just the leading small-limits of the complete transformations in eq.(2.16).
The corresponding transformations for the right boundary are,
Note that these can be obtained from the left side transformations by the replacement t L → t R + iβ/2. The mutual information, 
The calculation of each Wilson line proceeds exactly as in the single-sided case analysed above, with the only difference arising in the coordinates of the endpoints.
To calculate the scrambling time, we need the mutual information at late times, i.e. t L , t R > 1,2 . Thus we evaluate the Wilson lines for t L , t R > 1,2 . For such times, in the limit of small , the EE of each interval will relax to its equilibrium value, as any local perturbation would already have exited the interval. Thus, we have
The connected Wilson lines can each be expressed in terms of the appropriate crossratio z which yields, in the small-double-scaled limit,
where
In terms of the cross-ratio (2.19) the small-connected Wilson lines are given by the general formula (3.12), with
The simplest configuration to consider is with t L = t R = t. The resulting cross-ratio z rotates clockwise around z = 1 when the excitation on the left boundary enters the interval (see figure 3) at t = 1 . The scrambling time t * when the mutual information vanishes then yields the condition sinh 16 π β
This can be solved easily when t * i so that T i − 1 4 e 2π(t− i )/β and we find the expression for the scrambling time:
where S β = cπ/(3β) is the thermal entropy density. When the spin-three charge is vanishing we recover the known scrambling time from pure gravity. As q is increased from zero, the scrambling time actually increases until it diverges at a critical value given by, |q|/c = E 2 /c 2 . The critical value is in fact what we have already encountered above in eq.(3.16). Beyond this critical value the scrambling time decreases. When E is negligible, the scrambling time matches what we expect for a Lyapunov exponent of λ (3) L = 4π/β (see eq.(3.18)). After this work was completed, [38] appeared which obtains constraints on the higher spin charges from unitarity and modular invariance for CFTs with W N symmetry. For the specific case of N = 3, we can identify the spin three charge W in this paper with the corresponding quantity q 3 in [38] . Then taking the large-c limit, with ∆/c and W/c fixed, we find that our bound (3.16) is consistent with the bounds obtained in [38] , i.e. once the latter bound is satisfied, the bound (3.16) is guaranteed to hold. This conclusion appears to depend delicately on the numerical coefficient (the factor of two on the right hand side) appearing in the inequality (3.16). Thus, unitarity which resulted in the bound of [38] ensures that there is no pathology in the behaviour of the EE.
Conical defect deformed by HS chemical potential
The local quench above is holographically described by a particle carrying higher spin charge falling into the horizon of a bulk (uncharged) black hole. From this bulk perspective it is also possible to consider charged conical deficit states in the higher spin grand canonical ensemble i.e. with a chemical potential for higher spin charge. After computing the Wilson line in such a background we will transform the boundary endpoints so the resulting state describes an infalling charged configuration in a black hole or thermal state. From a CFT viewpoint, such a state may be viewed as the density matrix:
Here W On represents the spin-three charge of a local operator O n generating the local excitation. The state is therefore not in a grand ensemble for the full CFT, but only for the local quench operators. This means that the bulk black hole state in question does not carry spin-three hair and must be viewed as the BTZ black hole embedded in the SL(3, R)×SL(3, R) connections. As we will see below the results for the change in EE and scrambling time are the same as in the basic charged conical deficit example, with the value of the charge replaced by its ensemble expectation value.
Conical deficit connections with chemical potential
The SL(3, R) × SL(3, R) gauge connections for a charged state with higher spin chemical potential are [24] ,
The SL(3, R) generators are specified in appendix C. We set µ O = −μ O , W = −W and L =L. It is well known that the higher spin chemical potential has the effect of altering the asymptotics of the spacetime metric (in radial gauge) following from the connections above. However, this is not a problem, particularly if we need to study the system perturbatively in the chemical potential deformation. This is in fact what we will need to do in the double-scaled, small-limit. An important aspect of the perturbative corrections in µ O to the physical observables in the CFT is that they are only correctly described holographically by the so-called "holomorphic" formulation of thermodynamics and of the EE/Wilson line observables [21, 23, 29] . The holomorphic prescription to evaluate the Wilson line in the presence of higher spin chemical potential is,
The conical deficit solution with spin-three charge is specified by requirements on the holonomy of the flat connections (4.2). Analogous to the case of the spin-three black hole of [24] , for a conical deficit state, the holonomy of the connection in the spatial (φ) direction must satisfy
These are algebraic conditions which can be solved to yield L and W as nontrivial functions of µ O and δ. The holonomy conditions lead to two branches of solutions (a similar situation was seen for higher spin black holes in [32] and for higher spin version of global AdS [33] ), of which the one smoothly connected to global AdS 3 has lower free energy and is relevant for the present discussion. In the small width limit we will only need the leading corrections in µ O . We find:
We have already seen in the fixed charge setup that we must have δ ∼ O( ) and W ∼ O( 2 ) in small width limit. This implies µ O ∼ O( 2 ) in the grand canonical ensemble for the conical deficit states. In terms of CFT quantities, to leading order in the small width , we have
For the holomorphic Wilson lines we only need the forms of the connection components a + andā − . Therefore, the calculation of the entanglement entropy following the local quench proceeds in exactly the same way as in the fixed charge case. One additional comment that we make in this regard is that the coordinate transformations which map the conical deficit to the infalling particle state are diagonal SL(2, R) × SL(2, R) gauge transformations embedded in SL(3, R) × SL(3, R), and therefore solutions (flat connections) remain solutions under the map.
The results of the entanglement entropy ∆S EE , mutual information and scrambling time t * are all given by the same formulae we encountered in section 3, with q/c replaced by the chemical potential µ O as dictated by eq. (4.6)
Scrambling time from CFT with higher spin charge
In this section we turn to the CFT in the grand canonical ensemble with higher spin charge. Such a state is dual to a black hole with higher spin hair [24] . The backreacted solutions for infalling shockwaves which are generalizations of [1] and [19] to the charged higher spin case are not known. However, we can use existing results from CFT to understand the time evolution of entanglement for certain situations where the CFT is held at finite higher spin chemical potential. In the Lagrangian formulation we view this as the (holomorphic) deformation ,
where µ is the chemical potential for the higher spin current W (z).
Thermofield double and entanglement growth
A particularly simple application involves the computation of the rate of growth of entanglement [25] in the thermofield double state [26] . We may consider a large interval of length β (e.g. the half-line) in the CFT and its thermofield double, and take time evolution to go forward in both copies. In a conformal field theory the entanglement entropy for the two copies (L) and (R) is expected to grow linearly at late times with an entanglement velocity v = 1, and saturate at the thermal value at t /2. The entanglement velocity is defined through the relation (for large intervals),
where S β is the thermal entropy density. We first verify whether this relation is affected by the presence of a higher spin chemical potential.
To calculate the connected contribution to the entanglement entropy of the two copies of the interval, L ∪ R, we need the correlation functions twist field operators, each inserted at an endpoint of the two copies so that
The spatial endpoints of the two copies are at 1 and 2 with = 2 − 1 . The correlator is evaluated in the CFT perturbed by the chemical potential µ at finite temperature. In the spin-three case, this was evaluated at O(µ 2 ) for equal times and unequal spatial points in the thermal state [23] . The calculation generalises straightforwardly, by analytic continuation, to the situation when the twist operators are inserted at points (z 1 ,z 1 ) and (z 2 ,z 2 ). The result for the Rényi entropy using this correlator is given at order µ 2 by,
When z i andz i are complex conjugates of each other, the expression is manifestly real. The function S is the result of integrating the four point correlator
T n which arises at second order in the perturbation by the spin three current: 
The calculation of the connected left-right correlator (5.3) is then achieved by setting (z
and then substituting into (5.4). The resulting EE for the two copies of the half-line in the (forward) time evolved thermofield double state is,
This result for the entanglement entropy can also be reproduced by the holomorphic Wilson line proposal [23] in the holographic dual, with one added subtlety. As usual for the SL(3, R) Wilson line we need to work in the adjoint representation where W Ad = W fund W fund . For the two-sided Wilson line, the coordinates of the endpoints are complex. In order to obtain real results which match with the CFT prediction, the anti-fundamental Wilson lines also need to be complex conjugated. Therefore, W fund connects points x R± = t R ± x and x L± = t L + iβ 2 ± x, while W fund is anchored to the points x R± = t R ± x and x * L± = t L − iβ 2 ± x. It will be interesting to carry out this analysis to higher order in perturbation theory in the chemical potential using the results of [34] .
Scrambling time and entanglement speed
Small µ: Taking both copies of the thermofield double to have evolved forward for a time t, we set t L − t R = 2t in our result for S L∪R and then take the large t limit:
where S β is precisely the thermal entropy density at order µ 2 (see [23] ). This immediately implies that the entanglement speed v = 1 at this order in µ. In Einstein gravity this growth of entanglement is given a geometric interpretation in terms of the growth of the "nice slice" regions in the interior of the BTZ black hole [26] . In the presence of higher spin hair, it would be fascinating to understand how such notions are generalised, given that any geometric interpretation is no longer obvious (see [27] for investigations in this direction).
Let us note that the mutual information for the two large intervals is
On the right hand side we have replaced the entanglement entropy of each interval with the thermal entropy at large . Therefore, the mutual information vanishes at t * /2, and remains zero beyond that point, since the disconnected contribution to S EE (L ∪ R) dominates.
Exact result: We know that the holomorphic Wilson line, appropriately defined, matches the CFT result for entanglement growth at order µ 2 , and also yields v = 1 at late times. We can now use the complete holomorphic Wilson line, to all orders in µ, evaluated on the bulk spin three black hole solution, to calculate entanglement growth in the time evolved thermofield double state. The holomorphic component of the Chern-Simons connection a + retains the form displayed in eq. (4.2), and the expression for the holomorphic Wilson line in terms of the eigenvalues of a + is given by eq. (D.4) . The values of the charges L and W are determined by the solutions to the black hole holonomy conditions and we pick the roots corresponding to BTZbranch of [32] , which is smoothly connected to the BTZ black hole and dominates the grand canonical ensemble. Crucially, the BTZ branch only exists for low values of µ/β and disappears above the critical value
In the absence of a clean closed form analytical expression, we plot the result for the entanglement growth numerically. Figure 4 shows the rate of growth of S EE (L ∪ R) as a function of time. For low values of µ we see that v approaches unity from below for large times, whereas when µ 0.033β, dS EE /dt experiences an overshoot and eventually v approaches 1, but from above. Interestingly, the overshoot decreases and seems to disappear as µ approaches µ c . Thus there are times at which entanglement speed is greater than the speed of light which is the natural bound obtained in Einstein gravity in AdS 3 , see [35] for a review of these bounds. The significance of this is unclear. This behaviour for large times is simultaneously accompanied by equally puzzling short time features. For µ 0.033β, the growth rate goes negative at early times, which means that S EE (L ∪ R) decreases first before growing linearly at late times and approaching the thermal value as shown in figure 5 . Therefore S EE (L ∪ R) not a monotonically increasing function of time at early times and large enough chemical potential 5 . This points to a violation of the strong sub-additivity property of entanglement entropy which has been observed when the null energy condition is violated [36] . Evaluating the mutual information, one sees that it is no longer a concave function in time. To conclude there exists a bound on the chemical potential µ ∼ 0.033β, below which the mutual information and entanglement speed are well behaved.
HHLL correlator at finite µ
While we do not have the holographic description of a quench when the CFT is in the grand canonical ensemble with higher spin chemical potential, we can shed light on some aspects of such a setup from purely field theoretic considerations. In particular, we will argue that when the quenching operator O does not carry a higher spin charge, the change in the single interval entanglement entropy following the quench is unaffected by the higher spin chemical potential µ, at order µ 2 . We will also find the change in the scrambling time due to the chemical potential at this order in µ.
Let us consider the correlator between the two heavy (O † , O) and the two light twist field operators which compute Rényi/entanglement entropies,
The positions of the operator insertions are precisely those given in the beginning of this paper (see eq. (2.2)). The correlators are evaluated on the thermal cylinder and the field theory is held at finite higher spin chemical potential µ. As usual, the correlator above can be viewed as 2n insertions of the quenching operator on the replica geometry. In the replica geometry the numerator of eq. (5.12) can be rewritten as,
where the denominator of the left hand side is evaluated at zero chemical potential. Now we may view the right hand side as a perturbative expansion in µ, where each individual term is evaluated in the µ = 0 theory,
is the 2n-point correlator in the replica geometry for vanishing µ, and the first putative correction C (1) is given by
If the operator O carries no charge under W , then the three-point functions essentially factorise on general grounds. In particular, if O carries some charge W under W , then its OPE with W takes the form
If we take W = 0, then in the limit → 0, the operators O † and O are close and their OPE is dominated by the stress tensor [18] . Given that W is a chiral primary, the correlator vanishes because the one-point function of W in the µ = 0 theory must vanish. The first non-vanishing contribution thus appears at order µ 2 , and in the small-limit, we find that the leading contribution again appears from the disconnected term:
The second factor, J , is the 2n-point correlator in the undeformed replicated theory, which can be rewritten in terms of the twist operator. Since this is evaluated at zero chemical potential, we may use the results of [20] for the heavy-heavy-light-light limit of this correlator. The first factor K in eq.(5.16) was computed exactly in [23] for a spin-three chemical potential. Now we turn to the denominator in (5.12). Using similar arguments for small we get,
Combining the O(µ 2 ) contributions of the numerator and denominator in eq.(5.12) and taking the logarithms, and using the results of [20] for the change in the undeformed CFT entanglement entropy, we find that ∆S EE (t) following the local quench is unchanged from the CFT result. In particular, the factorisation seen above in the small-limit, due to the fact that the quench operator carries no higher spin charge, only changes the entanglement entropy of the interval by a constant, time independent amount:
K is independent of time, and for the case of the spin-three chemical potential, 19) where the function S is defined in eq.(5.5). As a result, at order µ 2 , the change in the single interval entanglement entropy following the local quench is,
Here α = 1 − 24∆ O /c. Therefore at quadratic order in µ, a local quench by an operator O carrying no higher spin charge does not affect the time evolution of the single-interval entanglement entropy.
Mutual information
We may now apply the above analysis to the six-point correlation function which computes the mutual information of two intervals (L) and (R), each in one copy of the CFT constituting the thermofield double state as in [20] . The correlator of interest is given by
The insertions points of two twist operators and the quenching operators on the left boundary are essentially the same as before, while the two remaining twist fields are inserted on the second boundary:
21)
All correlators above are assumed to be evaluated at finite higher spin chemical potential µ. We can now apply the S-channel and and T-channel factorizations in the large-c picture which correspond to the disconnected and connected contributions from bulk gravity geodesics [20] . From the arguments developed in the previous subsection, we conclude that at order µ 2 , the entanglement entropy of L ∪ R in the S-channel is
The order µ 2 corrections are simply the contributions to the covariant single-interval EE at finite µ. Therefore the mutual information I L:R in this channel will continue to vanish at this order in the chemical potential. In the T-channel or "connected" picture on the other hand one obtains,
The mutual information in this channel is not only non-zero but in fact the order µ 2 correction is also non-vanishing,
Scrambling time
It is now a straightforward exercise to calculate the scrambling time and pinpoint the corrections that arise from the higher spin chemical potential for the spin-three case where explicit results are available. To calculate the scrambling time we first set t L = t R = t. With this choice we note that the order µ 2 corrections to the mutual information become time independent: 24) where, using the definition (5.5) of K, Taking the large t limit, we find that the mutual information vanishes at t = t * ,
The single interval entanglement entropy, 6S EE ( )/c = ln sinh
EE , includes the first nontrivial correction at order µ 2 while, S (0) β = πc/3β is the conformal result for thermal entropy density. The correction to the thermal entropy density at order µ 2 is known to be [23] ,
However, the extra terms in the scrambling time are not completely accounted for by this shift in thermal entropy. It would be interesting to understand the physical interpretation of the corrections. The coefficient of the term ∼ ln S β can be identified with the Lyapunov exponent. We conclude that for perturbations carrying no spinthree charge, the Lyapunov exponent in the spin-three black hole background is the same as that for pure gravity.
Discussions
The main results of this work are the identification of certain features in physical observables computed in a particular higher spin theory which extends gravity by the inclusion of one spin three field. One of these features appears in the single interval entanglement entropy following a local quench by an operator with spin three charge. For large enough charge the entanglement entropy becomes unbounded from below (turning complex beyond that value). A similar feature appears in the time dependence of the entanglement entropy in the forward evolved thermofield double state when the CFT is held at finite chemical potential for spin three charge. However, in both cases it appears that for sufficiently small charge or chemical potential, the physical observables in question are well behaved. This is also reflected in the scrambling time for mutual information following the local quench. It is only beyond a critical value of the spin three charge, that the scrambling time decreases and the Lyapunov index assumes the spin 3 value. Therefore, if we want the chaos bound to be respected, and avoid accompanying pathological features, there must be bounds on the higher spin charges carried by states in the putative CFT dual. As remarked earlier, our bound (3.16) is consistent with the bounds obtained on the general grounds of unitarity and modularity for W N theories with N fixed in [38] .
In this work we have focussed on the CFT with a single higher spin current described holographically by the SL(3, R) × SL(3, R) Chern-Simons theory. It will be interesting to see how the observations in this paper generalise to the SL(N, R) × SL(N, R) theory and obtain the N dependence of the bounds we have found on the higher spin charge and the chemical potential. From the analysis of [8] using CFT's with W ∞ symmetry, it is expected that the 3d Vasiliev theory with hs[λ] does not exhibit chaos. It will be interesting to see this directly in holography.
One situation we did not consider in this paper, is when the CFT is held at finite higher spin chemical potential and the local quench is induced by an operator which also has higher spin charge. It will be interesting to generalise the observations of this paper to this situation. This will involve the study of W 3 conformal blocks deformed by higher spin chemical potential possibly using the methods of [37] .
Finally we mention that there is a conceptually simple picture to obtain the back reacted geometry of the infalling particle and then study the Lyapunov exponent and the scrambling time in Einstein gravity [1] . This involves two BTZ geometries of different masses sewed along a null shell representing the infalling particle and then evaluating geodesics in this geometry. We have reviewed this approach using Wilson lines instead of geodesics in appendix G. It will be useful to generalise this picture when the null shell also carries higher spin charge. This will involve coupling particles to higher spin Chern-Simons theories and obtaining appropriate junction conditions across the null shell 6 . The behaviour of scrambling time and Lyapunov index in this picture is expected to coincide with the results obtained in this paper. However performing this calculation in the conceptually simple picture will be useful to obtain a gauge invariant formulation of the junction conditions and the higher spin shock wave in the Chern-Simons language. Figure 6 : The path (in blue) followed by z(t) as t is dialled from 0 to ( 1 + 2 )/2 with a quench width = 0.005, β = 0.5, 1 = 0.2 and 2 = 1.8. The continuation of the same for t > ( 1 + 2 )/2 is performed by introducing an imaginary part for t, so that t → t + i 1 where 1 ≈ 0.02. The resulting path is shown in red. Importantly, the latter path does not encircle z = 1, and approaches z = 0 for large t.
C Generators of SL(3, R)
The sl(3, R) algebra is generated by L 0 , L ±1 , W 0 , W ±1 , W ±2 . Of these, {L 0 , L ±1 } generate the sl(2, R) subalgebra corresponding to pure gravity:
The remaining commutation relations are,
The Wilson line in the adjoint representation is obtained form the product of the fundamental and anti-fundamental Wilson lines:
To obtain the entanglement entropy we need to evaluate W fund in the limit ρ P,Q → ∞ and retain the leading term, taking the barred and unbarred eigenvalues to be different for generality:
The Wilson line in the conjugate representation is given by the same expression involving the barred connections, but with the signs of ∆ξ ± reversed:
Multiplying out the expressions for W fund and W fund , we obtain
Using λ 1 + λ 2 + λ 3 = 0 yields the form displayed in eq. (3.7).
E Gauge transformation of the BTZ connection
In this appendix, we explore the coordinate transformation from the conical deficit in global AdS to BTZ viewed as a gauge transformation in Chern-Simons theory. First we consider the coordinate transformation (A.1) in the zero boost limit (λ = 0) (see also eq.(E.8)), and apply it to the global AdS connection, A AdS (x),
The connection A (x ) is then a BTZ connection. However, it is a gauge transformed version of the usual BTZ connection A (0)BTZ (x ) (equation (E.11)). We want to evaluate the gauge transformation U which relates these two connections,
Below we will be able to evaluate the gauge transformation at O 1 r 2 in the large-r expansion. In the following subsection, we will apply the same coordinate transformation (E.8) to the conical defect connection, In this apendix we study various aspects of a conical defect geometry with chemical potential for spin-3 charge.
F.1 Free energy
The following are the holonomy conditions for conical defect with higher spin chemical potential, Tr a Figure 7 gives the plot of free energy for the two sets of solutions of holonomy equations. The blue curve with lower free energy corresponds to solution in equation (4.5) . In this plot, the free energy is exact in µ, and is plotted for k = 1. The free energy is exact in µ, and is plotted for k = 1. Right:Plot of µ versus C. µ is a single valued function for C = (−∞, 
F.2 Entanglement entropy for static case
The entanglement entropy for conical defect with higher spin chemical potential is,
Here, τ 1 = τ 2 = 0 and φ = (φ 2 − φ 1 )/2. The δ → 0 limit of this result matches with entanglement entropy of AdS 3 with higher spin chemical potential given in [33] . Here Λ is the UV cutoff.
F.3 Solving holonomy equations in terms of C
Solving the φ holonomy conditions of equation (F.1), the following equations are obtained, where for convenience we use k = 4k cs , 256π 2 µ 2 L 2 + 24πkL + 72πkµW + 3k
We define the parameters, 6) to write the holonomy conditions as, . This is true in the limit E/M → 0 followed by t w → ∞.
• The coefficient of dφ 2 in the metric is continuous across the shell. We now proceed to evaluate the Wilson line from a point (ρ P , t L , φ) at the left boundary to a point (ρ Q , t R , φ) at the right boundary. In order to do this we first evaluate the geodesic length from the point (ρ Q , t R , φ) at the right boundary to an intermediate point (ρ S , t S , φ) at the shell at u w . This is obtained by taking, Thus the scrambling time is,
(G.14)
